Dark energy can modify the dynamics of dark matter if there exists a direct interaction between them. Thus a measurement of the structure growth, e.g., redshift-space distortions (RSD), can provide a powerful tool to constrain the interacting dark energy (IDE) models. For the widely studied Q = 3βHρ de model, previous works showed that only a very small coupling (β ∼ O(10 −3 )) can survive in current RSD data. However, all these analyses had to assume w > −1 and β > 0 due to the existence of the large-scale instability in the IDE scenario. In our recent work [Phys. Rev. D 90, 063005 (2014)], we successfully solved this large-scale instability problem by establishing a parametrized post-Friedmann (PPF) framework for the IDE scenario. So we, for the first time, have the ability to explore the full parameter space of the IDE models. In this work, we reexamine the observational constraints on the Q = 3βHρ de model within the PPF framework. By using the Planck data, the baryon acoustic oscillation data, the JLA sample of supernovae, and the Hubble constant measurement, we get β = −0.010 +0.037 −0.033 (1σ). The fit result becomes β = −0.0148 +0.0100 −0.0089 (1σ) once we further incorporate the RSD data in the analysis. The error of β is substantially reduced with the help of the RSD data. Compared with the previous results, our results show that a negative β is favored by current observations, and a relatively larger interaction rate is permitted by current RSD data.
I. INTRODUCTION
Dark energy and dark matter are the dominant sources for the evolution of the current Universe [1] . Both are currently only indirectly detected via their gravitational effects. There might, however, exist a direct nongravitational interaction between them which does not violate current observational constraints. Furthermore, such a dark sector interaction can provide an intriguing mechanism to solve the "coincidence problem" [2] [3] [4] [5] , and also induce new features to structure formation by exerting a nongravitational influence on dark matter [6] [7] [8] .
In an interacting dark energy (IDE) scenario, the energy conservation equations of dark energy and cold dark matter satisfy
where Q denotes the energy transfer rate, ρ de and ρ c are the energy densities of dark energy and cold dark matter, respectively, H = a /a is the conformal Hubble expansion rate, a prime denotes the derivative with respect to the conformal time τ , a is the scale factor of the Universe, and w is the equation of state parameter of dark energy. Several forms for Q have been constructed and constrained by observational data [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The common data sets used in these works are the cosmic microwave background (CMB), the baryon acoustic oscil-lation (BAO), the type Ia supernovae (SNIa), as well as the Hubble constant measurement. These observations constrain the IDE models mainly by the geometric measurement information, leading to a significant degeneracy between the constraint results of interaction and background parameters.
This degeneracy results from the fact that IDE model cannot be distinguished from the uncoupled dark energy model in the background evolution, since the expansion history of the Universe given by an IDE model and an uncoupled dark energy model can be mimicked each other by adjusting the values of their free parameters. Fortunately, the dynamics of dark matter can be modified by dark energy in an IDE model, so any observation containing the structure formation information might be a powerful tool to break this degeneracy. Redshift-space distortions (RSD) arising from peculiar velocities of galaxies on observed galaxy map provide a direct measurement of the linear growth rate f (a) of the large-scale structure formation [19, 20] . Currently, a number of RSD data are available from a variety of galaxy surveys, such as 6dFGS, [21] , 2dFGRS [22] , WiggleZ [23] , SDSS LRG DR7 [24] , BOSS CMASS DR11 [25] , and VIPERS [26] . These RSD measurements have been used to constrain the IDE models [27] [28] [29] [30] [31] . For the widely studied Q = 3βHρ de model, recent CMB+BAO+SNIa data give β = 0.209 +0.0711 −0.0403 (1σ), while the fit result becomes β = 0.00372 +0.00077 −0.00372 (1σ) once the RSD data are added to the analysis [28] . This result shows that a large interaction rate for the Q = 3βHρ de model is ruled out by the RSD data.
However, the above results may not reflect the actual preference of the data sets, because the full parameter space cannot be explored in these works, due to the well-known large-scale instability existing in the IDE scenario. The cosmological perturbations will blow up on the large scales for the Q ∝ ρ de model with the early-time w < −1 or β < 0 [32, 33] and for the Q ∝ ρ c model with the early-time w > −1 [34] . So to avoid this instability, one has to assume w > −1 and β > 0 for the Q ∝ ρ de model and w < −1 for the Q ∝ ρ c model in the observational constraint analyses. In practice, the Q ∝ ρ c model with w < −1 is not favored by the researchers, since w < −1 will lead to another instability of our Universe in a finite future. Thus, the Q ∝ ρ de case with w > −1 and β > 0 becomes the widely studied IDE model in the literature.
The large-scale instability arises from the way of calculating the dark energy pressure perturbation δp de . In the standard linear perturbation theory, dark energy is considered as a nonadiabatic fluid. Thus δp de contains two parts, the adiabatic pressure perturbation in terms of the adiabatic sound speed and the intrinsic nonadiabatic pressure perturbation in terms of the rest frame sound speed. If dark energy interacts with dark matter, then the interaction term Q will enter the expression of the nonadiabatic pressure perturbation of dark energy. For some specific values of w and β, as mentioned above, the nonadiabatic mode grows fast at the early times and soon leads to rapid growth of the curvature perturbation on the large scales [34] .
However, current calculation of δp de may not reflect the real nature of dark energy, since it can also bring instability when w crosses the phantom divide w = −1 even for the uncoupled dark energy [35] [36] [37] [38] . As it is, finding an effective theoretical framework to handle the cosmological perturbations of dark energy may be a good choice before we exactly know how to correctly calculate δp de . The simplified version of the post-Friedmann (PPF) approach [39, 40] is just an effective framework but is constructed for the uncoupled dark energy models. In our recent work [41] , we established a PPF framework for the IDE scenario. The large-scale instability problem in all the IDE models can be successfully solved within such a generalized PPF framework. As an example, we used the observational data to constrain the Q = 3βHρ c model without assuming any specific priors on w and β. The fit result showed that the full parameter space of this model can be explored within the PPF framework (also see Ref. [42] for a similar follow-up analysis).
In this work, we focus on the widely studied Q = 3βHρ de model with a constant w. We use the PPF approach to handle its cosmological perturbations. As mentioned above, previous observational constraints on this model have to assume w > −1 and β > 0 to avoid the large-scale instability. Within the PPF framework established in Ref. [41] , we, for the first time, have the ability to explore the full parameter space of this model. So it is of great interest to see how the constraint results change when we let the parameter space of this model fully free. We perform a full analysis on the Q = 3βHρ de model by using current observations including the Planck data, the seven data points of BAO, the recent released JLA sample of SNIa, the Hubble constant measurement, and the ten data points of RSD as well. We will show that current observations actually favor a negative β when w < −1 and β < 0 are also allowed. Moreover with the help of the RSD data, β can be tightly constrained but unlike the previously obtained results β ∼ O(10 −3 ) in Refs. [28, 29] , a relatively larger absolute value of β (about O(10 −2 )) is favored by the RSD data. Our paper is organized as follows. In Sec. II, we give the general perturbation equations in the IDE scenario. The perturbations of dark matter are given by the standard linear perturbation theory, while those of dark energy are calculated by using the PPF approach established in Ref. [41] . Some details of the PPF approach as a supplement of Ref. [41] are also presented in this section. In Sec. III, we show how we use the observations to constrain the Q = 3βHρ de model, and give a detailed discussion on the fit results. Our conclusions are given in Sec. IV. In Appendix A, we introduce how to calibrate the function f ζ (a) of the PPF approach in a specific IDE model.
II. PERTURBATION EQUATIONS IN THE IDE SCENARIO
A. General equations A dark sector interaction in a perturbed Universe will influence the scalar perturbation evolutions. So let us start with the scalar perturbation theory in a FRW universe. The scalar metric perturbations can be expressed in general in terms of four functions, A, B, H L , and H T [43, 44] ,
where γ ij denotes the spatial metric and Y , Y i , and Y ij are the eigenfunctions of the Laplace operator,
with k the wave number. Similarly, the perturbed energy-momentum tensor can also be expressed in terms of another four functionsenergy density perturbation δρ, velocity perturbation v, isotropic pressure perturbation δp, and anisotropic stress perturbation Π,
With the existence of the dark sector interaction, the conservation laws become
where Q µ I is the energy-momentum transfer vector of I fluid, which can be split in general as
where δQ I and f I denote the energy transfer perturbation and momentum transfer potential of I fluid, respectively. In a perturbed FRW Universe, Eqs. (5) and (6) lead to the following two conservation equations for the I fluid [43] ,
where c K = 1 − 3K/k 2 with K the spatial curvature.
B. The PPF framework for the IDE scenario
Now we discuss the perturbation evolutions for cold dark matter and dark energy, in the comoving gauge, B = v T and H T = 0, where v T denotes the velocity perturbation of total matters except dark energy. To avoid confusion, we use the new symbols, ζ ≡ H L , ξ ≡ A, ρ∆ ≡ δρ, ∆p ≡ δp, V ≡ v, and ∆Q I ≡ δQ I , to denote the corresponding quantities of the comoving gauge except for the two gauge independent quantities Π and f I . For cold dark matter, ∆p c = Π c = 0, thus the evolutions of the remaining two quantities ρ c ∆ c and V c are totally determined by Eqs. (7) and (8) . Note that ∆Q I and f I can be got in a specific IDE model. For dark energy, we need an extra condition on ∆p de besides Π de = 0 and Eqs. (7) and (8) to complete the dark energy perturbation system. A common practice is to treat dark energy as a nonadiabatic fluid, and calculate ∆p de in terms of the adiabatic sound speed and the rest frame sound speed (see, e.g., Ref. [34] ). However, this will induce the largescale instability in the IDE scenario, as mentioned above.
So we handle the perturbations of dark energy by using the generalized PPF framework established in Ref. [41] . As shown in Ref. [41] , the key point to avoid the largescale instability is establishing a direct relationship between V de − V T and V T on the large scales instead of directly defining a rest-frame sound speed for dark energy and calculating ∆p de in terms of it. This relationship can be parametrized by a function f ζ (a) as [39, 40] lim
where k H = k/H. This condition in combination with the Einstein equations gives the equation of motion for the curvature perturbation ζ on the large scales,
On the small scales, the evolution of the curvature perturbation is described by the Poisson equation, Φ = 4πGa
The evolutions of the curvature perturbation at k H 1 and k H 1 can be related by introducing a dynamical function Γ to the Poisson equation, such that
on all scales. Then compared with the small-scale Poisson equation, Eq. (11) gives Γ → 0 at k H 1. On the other hand, with the help of the Einstein equations and the conservation equations as well as the derivative of Eq. (11), Eq. (10) gives the equation of motion for Γ on the large scales,
where ξ can be obtained from Eq. (8),
With a transition scale parameter c Γ , we can take the equation of motion for Γ on all scales to be [39, 40] (
Here we note that the prime in this paper is used to denote the derivative with respect to the conformal time τ (i.e., ≡ d/dτ ), but in Ref. [41] it is defined to be the derivative with respect to ln a (i.e., ≡ d/d ln a). This explains why H appears in Eqs. (12) and (14) (compared to the corresponding equations in Ref. [41] ).
From the above equations, we can find that all the perturbation quantities relevant to the equation of motion for Γ are those of matters except dark energy. So we can solve the differential equation (14) without any knowledge of the dark energy perturbations. Once the evolution of Γ is obtained, we can immediately get the energy density and velocity perturbations,
C. The IDE model
In the following, we get the evolution equations for the specific IDE model under study in this work. To achieve this, we need to construct a covariant interaction form whose energy transfer can reduce to Q = 3βHρ de in the background evolution. A simple physical choice is assuming that the energy-momentum transfer is parallel to the four-velocity of dark matter, so that the momentum transfer vanishes in the dark matter rest frame. Then, we have
with the dark matter four-velocity,
Comparing Eq. (17) with Eq. (6), we get
where we define the dimensionless density perturbation δ I = δρ I /ρ I for the I fluid. Substituting Eq. (18) into Eqs. (1) and (20), we can obtain the background evolutions of dark energy and dark matter,
, (20) where the subscript "0" denotes the value of the corresponding quantity at a = 1 or z = 0.
For the dark sector perturbation evolutions, we obtain them in the synchronous gauge, since most public numerical codes are written in this gauge. The synchronous gauge is defined by A = B = 0, η = −H T /3 − H L , and h = 6H L . Then Eqs. (7) and (8) reduce to
for cold dark matter in the synchronous gauge. From Eq. (22), we can see that the momentum transfer vanishes for the IDE model. So there is no violation of the weak equivalence in this model. To get the dark energy perturbations in the synchronous gauge, we need to make a gauge transformation, since the PPF approach is written in the comoving gauge. The gauge transformation from the synchronous gauge to the comoving gauge is given by [39] 
By using Eq. (23), we can obtain Φ of Eq. (11) in terms of δ T and Γ. Then combining Eq. (26) and the gauge relation
, we can get another useful transformation relation,
With the help of Eqs. (23)- (27), we can rewrite all the equations of PPF approach in terms of the corresponding quantities in the synchronous gauge. For the IDE model under study, we have
in the synchronous gauge, where
The source term S of Eq. (14) can be rewritten in the synchronous gauge as
.
Here note that due to our studied interaction model with Q proportional to ρ de , the dark energy density perturbation δ de occurs in the expression of the source term S. Under such circumstance, how can we solve the equation of motion (14) for Γ, before δ de is got from Eq. (28)? For this issue, we can utilize an iteration approach. For example, we can set an initial value for v de and get the value of δ de from Eq. (28). Then we can obtain S and solve the differential equation (14) . Finally, we can update the value of v de from Eq. (29) and start another iteration. The convergence speed of this iteration method is proven to be very quick from our tests. We also need to determine the parameter c Γ and the function f ζ (a). For the value of c Γ , we find that the perturbation evolutions of dark energy are insensitive to its value, so we follow Ref. [40] and choose it to be 0.4. The function f ζ (a) can be calibrated in a specific IDE model, but no one gave a concrete way to do this in the previous works. For simplicity, one often takes f ζ (a) = 0 in the literature, because its effect may only be detected gravitationally in the future [40] . However, we still need, though not urgently, to give a general approach to calibrate f ζ for the future high-precision observational data. Besides, we also want to know whether f ζ (a) can affect current observations, such as the CMB temperature power spectrum. So we give a detailed process of calibrating f ζ (a) in Appendix A. Using the calibrated f ζ (a) given by Eq. (A26), we plot the CMB temperature power spectrum for the studied IDE model in Fig. 1 . As a comparison, we also plot the case with f ζ (a) = 0. In this figure, we fix w = −1.05, β = −0.01 and other parameters at the best-fit values from Planck. From Fig. 1 , we can see that the CMB temperature power spectrum does not have the ability to distinguish these two cases from each other. So it is appropriate to simply set f ζ (a) = 0, currently. Nevertheless, we still utilize the calibrated f ζ (a) in our calculations, because we find that taking f ζ (a) to be the calibrated function can help to improve the convergence speed of the aforementioned iteration. Now, all the perturbation equations can be numerically solved. In Fig. 2 , we show the matter and metric perturbation evolutions for the IDE model under study at k = 0.01 Mpc −1 , k = 0.1 Mpc −1 and k = 1.0 Mpc −1 . Here, we also fix w = −1.05, β = −0.01 and other parameters at the best-fit values from Planck. As mentioned above, the Q µ = 3βHρ de u µ c model with w = −1.05 and β = −0.01 would be an unstable case if the dark energy perturbations are given by the standard linear perturbation theory. Now we can clearly see from Fig. 2 that all the perturbation evolutions are stable and normal within the PPF framework.
III. DATA AND CONSTRAINTS
In this section, we use the latest observational data to constrain the Q µ = 3βHρ de u µ c model. We modify the camb code [45] to include the background and perturbation equations given in Sec. II C. To explore the parameter space, we use the public CosmoMC package [46] . The free parameter vector is: ω b , ω c , H 0 , τ, w, β, n s , ln(10 10 A s ) , where ω b , ω c and H 0 are the baryon density, dark matter densitie and Hubble constant of present day, respectively, τ denotes the optical depth to reionization, and ln(10 10 A s ) and n s are the amplitude and the spectral index of the primordial scalar perturbation power spectrum for the pivot scale k 0 = 0.05 Mpc −1 . Here note that we take H 0 as a free parameter instead of the commonly used θ MC , because θ MC is dependent on a standard noninteracting background evolution. We set a prior [−0.15, 0.15] for the coupling constant β, and keep the priors of other free parameters the same as those used by Planck Collaboration [1] . In our calculations, we fix N eff = 3.046 and m ν = 0 eV for the three standard neutrino species.
We use the following data sets in our analysis. Planck+WP: the CMB temperature power spectrum data from Planck [1] combined with the polarization measurements from 9-year WMAP [47] . BAO: the latest BAO measurements from 6dFGS (z = 0.1) [48] , SDSS DR7 (z = 0.35) [49] , WiggleZ (z = 0.44, 0.60, and 0.73) [50] , and BOSS DR11 (z = 0.32 and 0.57) [51] . JLA: the latest released 740 data points of SNIa from JLA sample [52] . H 0 : the Hubble constant measurement from HST [53] . RSD: the RSD measurements from 6dFGS (z = 0.067) [21] , 2dFGRS (z = 0.17) [22] , WiggleZ (z = 0.22, 0.41, 0.60, and 0.78) [23] , SDSS LRG DR7 (z = 0.25 and 0.37) [24] , BOSS CMASS DR11 (z = 0.57) [25] , and VIPERS (z = 0.80) [26] .
As mentioned in Sec. I, RSD actually reflect the coherent motions of galaxies, and hence provide information about the formation of large-scale structure. Due to the existence of the peculiar velocities of galaxies the observed overdensity field δ g of galaxies in redshift space is enlarged by a factor of 1 + f µ 2 /b [54] , where µ is the cosine of the angle to the line-of-sight, b ≡ δ g /δ denotes the large-scale bias, and f (a) ≡ d ln D(a)/d ln a is the linear growth rate, with the growth factor D(a) = δ(a)/δ(a ini ). Thus, through precisely measuring the RSD and k = 1.0 Mpc −1 . Here, the matter perturbations are the corresponding quantities in the synchronous gauge and the metric perturbations Φ and Ψ are the gauge invariant variables of Kodama and Sasaki [43] . We fix w = −1.05, β = −0.01 and other parameters at the best-fit values from Planck. Clearly, all the perturbation evolutions are well behaved.
effect from galaxy redshift surveys, one can obtain information of f (a). However, this measurement of f (a) is bias-dependent. To avoid this issue, Song and Percival [55] suggested using a bias-independent combination, f (z)σ 8 (z), to extract information from the RSD data, where σ 8 (z) is the root-mean-square mass fluctuation in spheres with radius 8h −1 Mpc at redshift z. To use the RSD data, we need to do some modifications to the CosmoMC package. First, we add an extra subroutine to the CAMB code to output the theoretical values of f (z)σ 8 (z). Here the calculation of σ 8 (z) inherits from the existing subroutine of the CAMB code and f (a) is calculated by f (a) = d ln δ/d ln a with δ = (ρ c δ c + ρ b δ b )/(ρ c + ρ b ). Then, we transfer the obtained theoretical values of f (z)σ 8 (z) to the source files of the CosmoMC package and calculate the χ 2 value of the RSD data.
First, we constrain the IDE model under study by using the Planck+WP+BAO+JLA+H 0 data combination. This data combination can be safely used, since the BAO and JLA data are well consistent with the Planck+WP data [1, 52] , and the tension between Planck data and H 0 measurement can be greatly relieved in a dynamical dark energy model [56] . The fit results are shown in Table I and Fig. 3 . Obviously, the whole parameter space can be explored. By using this data combination, we get w = −1.061 ± 0.056 and β = −0.010 −0.0403 obtained by using a similar data combination but assuming w > −1 and β > 0 [28] . This qualitative change indicates that compulsively assuming w > −1 and β > 0 can induce substantial errors on the observational constraint results. So it is of great importance to use the PPF approach to get the correct, whole parameter space for the IDE models.
Although the Planck+WP+BAO+JLA+H 0 data combination can give a good constraint result, there still exists a significant degeneracy between the coupling parameter β and the background parameter Ω m (see the green contours in Fig. 3 ). This degeneracy, as mentioned in Sec. I, is hard to break by only using the geometric measurements. So next, we add the extra structure formation information from the RSD data into our analysis. The fit results can also be found in Table I and Fig. 3 . By using the Planck+WP+BAO+JLA+H 0 +RSD data, we −0.011 at the 1σ level. Clearly, the errors of β and Ω m and the degeneracy between them are substantially reduced. Besides, we can also see that current RSD data favor a relatively larger interaction rate for the studied model. This result remarkably differs from that in Ref. [28] where a very small positive coupling constant, β = 0.00372
−0.00372 (1σ), is obtained by the CMB+BAO+SNIa+RSD data combination. Since w > −1 and β > 0 are assumed in Ref. [28] , it can be deduced that such a small positive coupling constant just arises from the cut-off effect of the parameter space rather than reflecting the actual preference of the RSD data. So we conclude that our work gives the correct and tightest fit results for the Q µ = 3βHρ de u µ c model. Finally, we make a comparison for the Q = 3βHρ de model and the Q = 3βHρ c model according to their cosmological constraint results. For the Q = 3βHρ c model, we got β = −0.0013 ± 0.0008 (1σ) by using the CMB+BAO+SNIa+H 0 data in Ref. [41] . Then, Ref. [42] further studied this model by adding the RSD data into the analysis. However, the fit result ξ c = 0.0014 ± 0.0008 (ξ c = −β) obtained in Ref. [42] shows that the extra information from the RSD data nearly has no contribution to the fit result of the coupling constant. This phenomenon is somewhat counter-intuitive but still can be understood. Since the coupling form is proportional to ρ c whose value is far greater than that of ρ de at the early times, the amplitude of dark energy perturbation is greatly enlarged by the coupling at the early times (see Fig. 1 of Ref. [41] ), inducing significant effect on the large-scale CMB power spectrum even for a small coupling constant. Thus CMB itself can provide tight constraint on the coupling constant for the Q = 3βHρ c model. This feature makes it easy to rule out the Q = 3βHρ c model in the future. However, there is no such issue for the Q = 3βHρ de model. From this point, we believe that the Q = 3βHρ de model should deserve more attention in the future works.
IV. CONCLUSION
Current astronomical observations provide us with substantial room to study the possible interaction between dark energy and dark matter. However, such an IDE scenario occasionally suffers from the well-known large-scale instability. In our previous work [41] , we successfully solved this instability problem by establishing a PPF framework for the IDE scenario for the first time. However, there are also some issues needing our further discussions. For example, how to apply the PPF framework to the widely studied Q ∝ ρ de model? How to calibrate f ζ in a specific IDE model? More importantly, how will the cosmological constraint results, especially by using the structure formation measurement from RSD, be changed in the widely studied Q ∝ ρ de model once w and β can be fully let free within the PPF framework?
To answer all these questions, in this work we focus on the Q = 3βHρ de model with the momentum transfer vanishing in the dark matter rest frame. So the covariant interaction form in a perturbed Universe is Q µ = 3βHρ de u µ c . We handle its cosmological perturbations by using the PPF framework established in Ref. [41] . For the problem how we can solve the equation of motion for Γ before the exact value of δ de is known, we introduce an iteration method. We give a concrete way to calibrate f ζ . We find that the effect of taking f ζ to be the calibrated function cannot be detected by the CMB temperature power spectrum. However, the general calibration approach we provide in this paper may play a crucial role for the future highprecision observations. Finally, we perform a full analysis on this model with current observations. By using the Planck+WP+BAO+JLA+H 0 data combination, we get w = −1.061 ± 0.056, β = −0.010 breakdown of the weak equivalence principle might be detected by the future weak lensing measurement [8] . For current observations, it has been found that the observational constraint results in these two cases are similar [33] . So we leave this analysis for future work.
In what follows, we show how to get C(a) for the
The function C(a) can only be obtained by solving all the standard linear perturbation equations in the comoving gauge where dark energy is treated as a nonadiabatic fluid with its pressure perturbation,
where c a and c s are the adiabatic sound speed and restframe sound speed of dark energy, respectively. In the following calculations, we take c 2 a = p de /ρ de = w and c 2 s = 1. Substituting Eq. (A2) and Π de = 0 into Eqs. (7) and (8), we get the following two conservation equations for dark energy in the comoving gauge, ∆ de + 3H(1 − w)∆ de + (1 + w)kV de + 9H 2 (1 − w 2 )
V de −V T k + 3(1 + w)ζ = 3βH 3H(1 − w)
Similarly, substituting p c = ∆p c = Π c = 0 into Eqs. (7) and (8), we obtain ∆ c + kV c + 3ζ = 
The linear perturbation equations of all the components, in principle, are hard to solve analytically. However, since we only focus on the perturbation evolution on the large scales where the period we care about is radiation-dominated one, the perturbation equations can be further simplified and solved analytically. In the early radiation dominated epoch, H = τ −1 , k H = kτ , V b = V γ (tight coupling) and Π I = 0 for I = ν, the solutions to the perturbation equations can be found by solving the following first order differential matrix equation [58] ,
where x = kτ , A(x) is the coefficient matrix and U (x) is the matter perturbation vector containing Π ν , ∆ I for I = de, c, γ, b, and ν, and V I for I = de, c, γ, and ν.
Here the subscripts γ, b and ν represent photons, baryons and neutrinos, respectively. As a matter of convenience, we use the following rescaled variables:Π ν ≡ Π ν /x 2 , V T ≡ V T /x,∆ I ≡ ∆ I /x 2 andṼ I ≡ (V I − V T )/x 3 for I = de, c, γ, b and ν. Thus our final matter perturbation vector is
where we solve the differential equation ofṼ T instead of that ofṼ ν , so that we can directly get C(x) = V de /Ṽ T from the solutions. Note that (ρ T + p T )V T = I=c, b, γ, ν (ρ I + p I )V I and the differential equation for V T can be found from the second Einstein equation [39] ,
Using Eqs. (A3)-(A6) and (A8) and the perturbation equations of photons, baryons and neutrinos given by Ref. [58] , we can easily obtain the following evolution equations in terms of the rescaled variables: 
